384 Macromolecules 1984, 17, 384-388

Assuming complete filling of the layers ({ < 1), then m/n
= g, and
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Upon taking the logarithm, we obtain the configurational
free energy, F:
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and thus, relative to the crystal (¢ = 1)
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ABSTRACT: In the preceding paper, formal expressions for configurational properties of short-chain molecule
interphases have been derived. In the present work, expressions giving positional and orientational probability
distributions of chain segments and bonds are evaluated for the case of planar systems (representing monolayers
at an oil/water interface or bilayers). Configurational properties (e.g., order parameter, chain segment
distributions, and probabilities of chain bends) are evaluated as a function of bending energy, length, and
surface density of the chains. Results of neutron diffraction experiments on widths of segment position
distributions are compared to predictions of the model and are found to be in good agreement. Calculated
chain-averaged properties (order parameter and bends/chain averaged over the interphase) are presented
as functions of area/chain and are found to fit simple exponential functions remarkably well. For planar
systems, chain stiffness is predicted to have relatively little effect on configurational properties, which are

determined largely by intermolecular constraints.

In the preceding article,! we presented a statistical
mechanical formalism which may be used to predict
structural and thermodynamic properties of the hydro-
carbon regions of amphiphilic chain molecule interphases
such as surfactant monolayers, bilayers, and micelles. The
lattice model presented therein provides a framework to
account for the distribution of the chain configurations in
terms, primarily, of three variables: the surface density
of the chains relative to that of the crystal (o), the number,
n + 1, of flexible segments along the chains, and the energy
¢, required to convert a bond pair which is collinear to that
which is bent at a right angle. Calculations presented here
demonstrate the effect which varying these parameters is
predicted to have on structural properties such as the
distribution of the chain ends, measurable through neutron
scattering experiments, and on the order parameter,
measurable by NMR methods. The prediction of thermal
properties will be described in forthcoming work.

In this work we consider only planar aggregates: mon-
olayers at an oil/water interface or bilayers wherein the
area available to the chains is constant with depth. For
representative calculations from the model, we have ar-
bitrarily chosen a standard case, for which, in the termi-
nology of the preceding paper,! the coordination number
of the simple cubic lattice is z = 6 and chains have n +
1 = 11 segments, are freely flexible (¢ = ¢, = 0, w = wy, =
1), and have approximately the surface density of di-
palmitoyllecithin bilayers at their melt temperature (i.e.,
o = 0.64%). Since for n-alkyl chains, each lattice segment
represents approximately 3.6 methylene groups along the
chain,! this standard case corresponds to chains with ap-
proximately 40 CH, groups. This chain length was chosen
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to allow reasonable resolution in graphic representations
of those properties which depend on depth within the
interphase (layer number) or position along the chain
(segment or bond number). However, for the purpose of
comparison with experimental data, calculations are also
performed for systems having chains of shorter length.

1. Properties Which Depend on Distance from
the Interface

Chain segments are distributed at various depths within
the interphase. The depths are represented as discrete
layers in the lattice model.! The distribution of the
probability of occurrence of a given segment throughout
these layers (eq 3.5, ref 1), is shown in Figure 1 for the
standard case specified above. Data are presented for three
representative segments: one near the head group, one in
the middle, and one at the end of the chain. Segments
nearer the head group along the chain are predicted to
occur in layers nearer the interface and are distributed less
broadly along the axis normal to the interface than those
nearer the chain ends. This point is made more clearly
in Figure 2, which shows a measure of the width of the
distribution of each chain segment. The width, §, is the
square root of the second moment of the distribution and
is given in units of lattice layers. In Figure 2 (and Figure
3, in which the complete distribution is shown for terminal
segments only) three curves are given representing dif-
ferent chain stiffnesses: w = w, =1, 0.5, 0.2, corresponding
to bending energies ¢ = ¢, = 0, 0.69kT, and 1.61%T, re-
spectively. Stiffer chains are predicted to have broader
segment distributions; this effect is most pronounced near
chain ends.
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Figure 1. Predicted distributions of chain segments 3 (@), 7 (0),
and 11 (A) from the polar headgroup as a function of distance
from the interface. For the standard case defined in the text: n
=10, ¢ = 0.64, and w = wy, = 1. Curves are normalized to an area
of 1. For Figures 1-9, the points are results of calculations ac-
cording to the theory and are connected by a continuous line.
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_Figure 2. Calculated width, 4, of the segment probability dis-
tributions for n = 10 and ¢ = 0.64 vs. position along the chain
(segment number) for chains of varying stiffness: w =1 (®), w
= 0.5 (a), and w = 0.2 (0), with w = w, in all cases.
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Figure 3. Calculated spatial probability distribution of the
terminal chain segment (n = 10, o = 0.64) for systems with chains
of different stiffness, w = 1.0 (@), w = 0.5 (A), and w = 0.2 (0),
with w = w,.

These theoretical predictions are compared to results
of neutron diffraction experiments in Figure 4. The ex-
periments have been performed on selectively deuterated
dipalmitoyllecithin bilayer membranes in the L, phase by
Zaccai et al.2 They have measured the half-widths, », at
1/e height of the distributions of the 4th, 9th, and 12th
methylene carbons from the head groups. The experi-
mental system most closely corresponds to representation
in the lattice model by chains having n + 1 = 5 segments
and ¢ = 0.64. Calculations are presented for this case in
Figure 4, for several values of the chain bending energy
¢, corresponding to w = wy, = 1.0, 0.5, 0.3, and 0.2. The
width in angstroms is given by 4.56, since each lattice layer
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Figure 4. Comparison of calculated and experimentally obtained
widths of spatial distributions of chain segments. Results of
neutron diffraction experiments of Zaccai et al.? on di-
palmitoyllecithin bilayers in the L, phase are given for segments
4,9, and 12 (¢). Calculated results (n = 4, ¢ = 0.64) are shown
for chains of different stiffness: w = 1.0 (@), 0.5 (A), 0.3 (O), and
0.2 (0).
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Figure 5. Predicted dependence of order parameter S* on
position along the chain (bond number) for systems of n = 10,
w = wy, = 1, for different values of chain surface density o: ¢ =
0.95 (a), 0.85 (¢), 0.75 (0), 0.64 (v), 0.55 (@), and 0.45 (O).

represents a region of space approximately 4.5 A wide.?
Second moments computed in this way are not identical
with half-widths at 1/e height. If the distributions were
Gaussian, for example, these two measures of distribution
widths would differ by approximately 12%. Since the
distributions are not predicted to be Gaussian, agreement
between theory and experiment should be taken as sem-
iquantitative. It appears that insofar as the distribution
widths are concerned, lecithin chains are best modeled by
w in the range 0.3 £ w = w, £ 1.0. These experiments
support the view that the chains in the L, phase bilayer
have configurations which are stochastically distributed,*
in contrast to the view that chains are collectively tilted.’

2. Properties Which Depend on Segment Position
and Orientation along the Chains

To avoid contact with solvent, the hydrocarbon chains
have a net orientational alignment along an axis normal
to the interface. 2H-NMR has been widely used in con-
junction with specific deuteration of the methylene
groups®? to measure a parameter S* = 2/,(cos? ) — 1/,
characterizing this orientational order, 6 being the angle
between the chain axis and the interfacial normal and the
angular brackets denoting the configurational average.

The statistical mechanical lattice theory permits pre-
diction of S* (eq 3.6 and 38.15 of ref 1). S* for each “bond”
(two adjacent segments along the lattice chain) is given
in Figure 5 for various surface densities. These predictions
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Figure 6. Effect of chain stiffness on the dependence of S* on
position along the chain for systems of n = 10, ¢ = 0.64, w = wy,
with w = 1.0 (@), 0.5 (a), and 0.2 (O).
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Figure 7. Predicted effect of stiffness of headgroup—chain bond
(wy) on the order parameter. Data are presented for vy, = 1.0 (@),
0.4 (0), and 0.1 (A); in all cases n = 10, ¢ = 0.64, and « = 1.0.

do not deviate significantly from those of a simpler in-
terphase model (see Figure 3¢ of ref 4). According to both
treatments, the gradient of decreasing order, and thus of
increasing configurational freedom, with depth within the
interphase, is a consequence of the reduction in severity
of the intermolecular steric constraints brought about by
the terminations of some fraction of the chains in each
spatial layer. Since segments toward the chain ends tend
to be situated deeper within the interphase than segments
near the head groups (see Figure 1), the dependence of S*
on position along the chain is similar to the dependence
of S on depth within the interphase.

For the planar systems of interest here, chain organi-
zation is much more strongly influenced by the steric
constraints than by intramolecular forces between adjacent
segments along each chain. Shown in Figure 6 is the de-
pendence of S* on chain stiffness (v = w, = 1.0, 0.5, 0.2)
for ¢ = 0.64. The effects are relatively minor compared
to those of steric constraints shown in Figure 5. Increased
stiffness is predicted to increase the orientational order
near the head groups and decrease it toward the chain
ends.

For calculations presented in Figures 1-6, it has been
assumed that all bond pairs along the chain have the same
bending energy. However, the statistical mechanical lattice
theory! allows for the more general situation that the bond
connecting the head group to the first chain segment, the
“zeroth” bond, may be chemically different from other
bonds along the chain. If the bond pair consisting of the
zeroth and first bonds is bent, the statistical weight re-
duction factor for the first bond, wy, may differ from w.
(Since the zeroth bond is assumed always to be forward,
this reduction factor is included only for lateral first
bonds.) Figure 7 shows the effect of variation of wy; all
other variables take on the values of the standard case.

The smaller the value of w,, the higher the average
alignment of the first bond with the interfacial normal.
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Figure 8. Effect of two lattice parameters on S*; (@) the standard
case, n = 10,0 = 0.64, w = wp, = 1,2 =6 (8 = vy — 1, no lateral
backtracking); (a) the standard case with lateral backtracking
allowed (3 = a, see text); (O) z = 4, corresponding to a two-di-
mensional simple cubic lattice; other values are as in the standard
case.

Because of the requirement that the first spatial layer be
filled, fewer lateral first bonds resulting from increased
stiffness of the headgroup—chain connection implies more
lateral subsequent bonds in this layer, the consequence of
which is slight reduction of the order parameter for all but
the first bond. Since the orientation of a given bond de-
pends on the orientation of the two adjacent neighbors
along the chain, the behavior of the first and last bonds
is qualitatively different from that of internal bonds. This
difference arises from the last bond having only one ad-
jacent bond and the first bond being preceded by the
“zeroth” bond, which is assumed always to have forward
orientation. To assess the importance of this “conditional”
nature of bond probabilities, we tested the model as fol-
lows. By setting « = 8 in the theory,! lateral steps may
retrace direction, with the consequence that some lateral
bonds may superimpose on their predecessors. Although
unphysical, this has the effect of allowing bond orientations
to be independent of those of neighboring bonds, for w =
1. The result is shown in Figure 8: both chain ends have
slightly higher order (S*) when this volume is excluded.
The order parameter is thus little dependent on the con-
ditionality of the bond configurations. Also in Figure 8,
the standard case for the simple cubic lattice in three
dimensions (z = 6) is compared to the simple cubic lattice
model in two dimensions (z = 4). It is clear that the order
along the chain is not dissipated as effectively in two-di-
mensional space where excluded volume constraints are
more severe than in three-dimensional systems.

3. Bond-Pair Properties

In the preceding section, we considered the configura-
tions of individual bonds; here we consider the orientations
of pairs of adjacent bonds. There are two relative orien-
tations of bond pairs, collinear and bent at 90°, and four
absolute orientations (Figure 1 of ref 1), depending on
whether each of the two bonds has forward (F) or lateral
(L) orientation; bond-pair orientations are denoted FF, FL,
LF, and LL. All of the FF pairs are collinear, and all of
the FL and LF pairs are bent, but LL pairs may be either
collinear or bent. Expressions for the probabilities of the
absolute and relative orientations of bond pairs are given
in eq 3.16 and 3.17 of ref 1, respectively. Equations 3.16!
are evaluated for the standard case and plotted in Figure
9a as functions of bond-pair position along the chain. Not
surprisingly, the probability of LL pairs increases toward
the chain ends, principally at the expense of FF pairs.
Figure 9b gives the probability that a pair is bent (eq 3.17
of ref 1) for a range of chain bending energies as a function
of position along the chain. As bending energy increases,
the probability that a pair is bent is predicted to decrease.
The incidence of bends increases toward the chain ends
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Figure 9. (a) Predicted probability distributions of the four
absolute configurations of bond pairs, LL (¢), LF (a), FL (0),
and FF (@), as functions of position along the chain (bond pair
number) for the standard case. (b) Probability distribution of
a bend bond pair is given for n = 10, 0 = 0.64, and v = w, for
varying chain stiffness: » = 1.0 (@), 0.5 (a), 0.3 (A), and 0.2 (O).
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Figure 10. Lattice model predictions of the average order pa-
rameter S as a function of reduced area/chain, A, for chains of
n = 4 bonds, for two chain stiffnesses, w = 1.0 (®) and w = 0.3
(Aa). The best-fit curves are simple exponential functions (see
text). -

and becomes constant for stiffer chains.

4. Averaged Properties of the Interphase

When averaged over the complete interphase, some of
the foregoing properties may be expressed as explicit
functions of the surface density of the chains. One example
is the order parameter. To obtain the average order pa-
rameter, S, S;* is summed over bond index i:

" n
S = n'IZS,-*
i=]
In Figure 10, S is plotted as a function of A = o7 for
n=4,w=w, = 10,03. In that figure, the empirical curve
drawn through the calculated points is of the form

S(A) = 1 - §yedn + 0y

where Sy and k, depend on w (84 = —0.114 and 0.018 for
w = 1.0 and 0.3, respectively) and are not strongly de-
pendent on n (¢, = 1.9 and 1.8 for n = 4 and 10, respec-
tively; w = 1). We have determined empirically that k,(w)
=~ aw! + b (a best fit for n = 4 gives k,(w) = 0.183,, 0988
+ 1.74). These expressions are remarkably accurate rep-
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Figure 11. (a) Predicted probabilities, b,,(4), that chains of
surface density A~! have m total bends; for n = 4, w = w, = 0.3,
form=0(—),m=1(=-)m=2(---),m=8(-),andm =
4 (~--). (b) Predicted average number of bends/chain for n =
4, w = wy, for chain stiffness w = 1.0 (®) and 0.3 (A).

resentations of the theoretical predictions of S for all A
and w. The configurational free energy follows a similar
exponential dependence on A. For w = 1 (k, = 1.9), this
exponential expression agrees to within 1% with eq A.5
of ref 1, derived through simplifying approximations of the
theory.

The chain-averaged lateral bond probability, g, can
similarly be expressed as an exponential function of A
through use of the relations

g= (nJl)-lilR,- = (2/3)(1 - §)
2

(see eq 3.13 and 3.14 of ref 1), where S is given by eq 1
above. .

The probability, b,,(A), that a chain has m total bent
bond pairs is shown in Figure 11a (for n = 4, w = w, = 0.3).
In the crystalline state (A = 1), there can be no bends (b,(1)
= 1), but the number of bends increases markedly as A
increases. The average number of bends per chain is

- -~ n i~
b(A) = X mb,,(4A)
m=1
b(A) is plotted in Figure 11b. This bend probability, as
with the average order parameter, is given approximately
as an exponential function of A:

b(4) = ba[1 - ekd-1)]

where &, and by, depend largely on w; for n = 4, by; = 3.06
and 1.98 for w = 1.0 and 0.3, respectively, and k, =~ 1.5k,
for both values of w.
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ABSTRACT: Semidilute poor solvent polymer solution is investigated by the method of Ursell-Mayer cluster
expansion. Series and ring-form diagrams are considered for polymers to calculate the osmotic equation of
state of the solution, and this equation is shown to be the same as obtained by Edwards by a different method.
The static structure factor, which is the Fourier transform of the correlation function of the system, is also
calculated in the same approximation; the first term of this factor corresponds to the Jannink-de Gennes
result by the random phase approximation. The osmotic compressibility equation, which connects the osmotic
pressure and the correlation function, is considered to check the consistency of our results and confirm the
validity of the present approximation. Effects of the excluded volume on the equation of state and on the
structure factor are investigated up to the first order of the excluded volume parameter z. It is shown that
the excluded volume does not affect the osmotic equation of state as well as the structure factor in this

approximation,

I. Introduction

We study the semidilute poor solvent polymer solutions
based upon the virial expansion theory.'® The semidilute
region of polymer solution is defined by Edwards* as

nv « % < k7 < (nb?)?/2 (1.1)

where n is the number of monomer units in a polymer, b
is the bond length, N is the number of polymers in solu-
tion, V is the volume of the system, v is the excluded
volume defined for binary interaction between monomer
pairs, and «, is the inverse of the screening length defined

by
12noN Y2
Ko = ( Y ) (1.2)

The region defined by eq 1.1 is the same as the semidilute
tricritical region (region III in their paper) defined by
Daoud and Jannink.’ In this region, we do not have to rely
on the renormalization group (RG) calculations based on
the field-theoretic formalism, which is very useful in the
theory of good solvent solutions.

The osmotic equation of state in this region was first
obtained by Edwards;? the equation includes the
“Debye—Hiickel” term, which represents the fact that the
interactions between polymers are screened by the exist-
ence of other polymers. Nevertheless, this equation differs
completely from that derived by Daoud and Jannink® by
means of scaling arguments. Moore® pointed out this
discrepancy and explained that the expression given by
Edwards is valid provided that the ternary cluster integral
is very small. Furthermore, in the case when the ternary
cluster integral (v,) was assumed to be neglected, Moore
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obtained the Edwards’ “Debye-Hickel” term as a cor-
rection to the virial expansion of the osmotic pressure by
means of the RG calculation.

In section II, the Saitd theory for solutions, developed
by using “grand” canonical ensemble, is first outlined; then
it is shown, in the same case where v, = 0, that this osmotic
equation of state is also obtained by summing series and
ring-form diagrams, each of which has a single intermo-
lecular interaction between two polymers (see Figure 1)
in the formalism of grand partition function.

In the present paper the effect of the ternary interac-
tions, which becomes important to investigate solution
properties of polymers at O-temperature, is neglected. The
effect of these three-body terms on the solution properties
of semidilute polymer solution will be discussed in our
forthcoming paper.

The structure factor for semidilute polymer solution was
first obtained by Jannink and de Gennes’ using a random
phase approximation (RPA), and it was compared with
experiments after certain renormalization in small-angle
neutron scattering (SANS) by Daoud et al® and in
small-angle X-ray scattering (SAXS) by Okano et al.? In
section III, we calculate the structure factor of the solution
by summing diagrams like those given in Figure 1 and
show that when the contribution from the ring-form dia-
grams (Figure 1b) to the structure factor is small compared
with that from the series diagrams (Figure 1a) we have the
Jannink-de Gennes result.’

Recently, des Cloizeaux'® presented a systematic way
to calculate the osmotic pressure and the density corre-
lation function of the semidilute poor solvent solution
following grand canonical ensemble formalism in poly-
disperse systems. The basic idea of his paper is similar
to ours and his result for the osmotic pressure including
the effect of one-loop diagrams corresponds to Moore’s
results and ours; moreover, the density correlation function
that des Cloizeaux obtained corresponds to the first term
of our correlation function, which is given by taking ac-
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